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DISCLAIMER

The findings in this report are not to be construed as an official

Department of the Army position unless so designated by other author-

ized documents.

The use of trade name(s) and/or manufacturer(s) does not consti-

tute an official indorsement or approval.

• DISPOSITION

Destroy this report when it is no longer needed. Do not return it

to the originator.

4

— t - — ~~~



F I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ____

_ _ _ _ _ _ _ _ _ _ _ _  ~i3
’

SECURITY CL.AS3I ATIA.. ,~~
, ,.., E (Wk .n Dee. Snf .r  .___ —-

~
- - 

-

D~~Df DT flf tII1~~~ ITAf Ifl~.I QAf~~~ RIAD UIRTPVC’TIOW$
% 1 1  ‘ti ’’ I#~~~IUIII ~~~I~ I D%I I%# FI I BEFORE COMPLETUIG FORM

( ~~. REPORT NUMBER 2. ~ OVT ACCES1I~~WW 3. RECIPIENT’S CAT £LÔ~~ ~~~~~~~~~~
r 1~‘.— ‘ 

~j ARLCB-TR-78.~A . ~L. ~~~ r ....ç~t ~,r________________ — ,,~V ~~~~~~~~~~~ ~~~~~~9OR~~~ ~~~~ IS  $*~II~~ED

LIHE INFLUENCE OF TIP MASS .QFFSET ON THE
~~TAB1LITY OF BECK

FS ~bLUMN _____________________________
6. PERFORMING ORG. REPORT NUM SER

,.. . ~~. AuT HOR(.) . T T h~T RA C T  OR GRANT NU~~BER(.)

(
~ r~~L.

/,Anderson ... I
IJ .D. ’Vasi lakis I
FJ.iJ .!Wu

9 ._..r ’ .......... I ULLIJIATION NAME AND ADDRESS 10. PROGRAM ELEM ENT . PROJ ECT . TASK

~~~~~~~~~~~~~~~~~~~~~~~~~~ N.Y. 12189 ~~~~~~~~~~~~~~~~~~~~~~~ 7P*~)—

DRDAR-LCB-TL p~~j~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
II. CONTROLLING OFFICE N A M E  A N D ADDRESS IS. ~~.

US Army Armament Research and Development Conunand I I M~~~I 78Large Caliber Weapon Systems Laboratory IS . N U
Dover, New Jersey 07801
T4. MONITORING AGENCY N A M E  & ADORESS (I1 different from Controlling 0111c ) IS SECURITY CLASS. (of chic r.pori)

(JNCLASSIFIEj/ ~~J_ 1’ :~7
ISa . DECLASSIFICATION /DO ADIN G

SCHEDULE

16. DISTRIBUTION STATEMENT (of U.S. R.pori)

Approved for public release; distribution unlimited.

t7. DI STR IBUTI ON STAT~~MEUT (of the abstracf entered in Block 20, II different from Report)

16. S UPPLEMENTARY NOTES

19. KEY WORDS (Contin,ue on reverse side if necessary and identify by block number)

Non-Conservati ve Stability
Beam Vibrations

~<~~~
Mass

20. A~~~~RACT (Con Sin.,, on r.verao eld. If n.c...asy and Id.ntity by block numbe r)

In this report, the stability of a slender cantilever carrying a tip mass
at its free end and subjected there to a follower force is investi gated .

‘,

~~~~~~ it~~
~ . 1/

OD ~~~ 1473 EDITION OF I NOV 65 IS OSSOLETE

SECURITY CLASSIFICATION OF THIS PAGE (RIcan D.t• Entsr.d)

, ,~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
______ JII



- ~~
-- 

~~~—
—,. —,- —.-

~ 
--- 

~~~~~~~~~~~

I SECURITY CLASSIFICATION OF THIS PAQE(Whan D~~. Ent.r .d,~

V

SECURITY CLASSIFICATION OF TPIIS PAGE(Wb .n Deea Enter.d)

C . , - “  
. .-.

-
-

~~~~~~~~-~ ~~~~i 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~ ~~~~~~ 
—_

~
.-_

~
— 

._~ -..~_. 
—

~~

TABLE OF CONTENTS

Page

INTRODUCTION 1

STATEMENT OF PROBLEM 2

ThE EXACT SOLUTION 4

NUMERICAL RESULTS 6

REFERENCES 
S 

12

LIST OF ILLUSTRATIONS

Figure

1. A cantilever beam carrying a tip mass and subjected 3
to a tangenital follower force.

2. Location of the centroid of the tip mass 7

3. Variation ofQc~/4T
Zversus ~ for four values of p. 11

NTI S ‘
.

occ ‘ :

BY 
umm j~iYW~Ufl CODES

01st. AVA IL ,nd PLCIAI.

1

‘--S .. .  — -

I

~~ • •~~~~~~ “ S



_
S --

ThE INFLUENCE OF TIP MASS OFFSET ON

THE STABILITY OF BECK’S COLUMN

In this paper, the stability of a slender cantilever Carrying a tip

mass at its free end and subjected there to a follower force is investigated .

S The centroid of the tip mass is offset from the free end of the bean and is

located along its extended axis . The associated boundary value problem is

solved and the exact frequency equation is derived . The frequency equation

is solved numer ically for the case in which both the beam and the tip mas s

have circular cross sections . The numerical computations indicate that the

system loses stability only through flutter. The variation of the values

of the critical flutter load 
~cr with the tip mass offset parameter ~ is

shown graphically for four values of the tip mass density to beam density

ratio p. These calculations reveal that, at sufficiently small values of

~ ~cr 
decreases sharply for increasing values of p. For values of ~

suff iciently lar ge, however , the situation is reversed as the value of 
~cr

increases with increasing p.

1. INTRODUCTION

An elastic cantilever of length 2.. and density p that is subjected to a

compressive follower force of magnitude P applied at its free end is known

as Beck ’s column [1]. Pfluger [2] has investigated the influence of the

transverse inertia of a tip mass on the value of the critical flutter load S

of Beck’s column , and Walter and Levinson (3] and Anderson [4] have con-

sidered closely related problems with the inclusion of the influence of

the rotatory inertia of the tip mass. If the rotatory inertia of the tip

mass is negligible , its transverse inertia generally tends to reduce the

value of the critical flutter load . However, if the mass of the column is

1

~~ ~~~~~~~~~~~~~~~~~~ . . :. ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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sufficiently small relative to that of the body attached at its tip, the

S 
value of the critical flutter load can be slightly greater than Beck ’s

S value of 
~cr = 20 .05 EI/9..2. S

In all the studies mentioned above, it was assumed that the mass of the

attached body was concentrated at the free end of the column. As a further

step in studying the influence of a tip mass on the stability of Beck ’s

column, one may consider the system in which the centroid of the tip mass is

offset from the point of attachment along the extended axis of the column.

5 
Only recently the natural frequencies of free vibration of a uniform unloaded

cantilever carrying such a tip mass have been reported by Bhat and Wagner [5],

Shat and Kulkarni [6], and Flax [7].

2. STATEMENT OF THE PROBLEM

S The differential equation of motion and the boundary conditions for the

system consisting of Beck’s column carrying at its free end a tip mass whose

centroid is offset from the point of attachment (see Figure 1) are

EIL~~+ P~~.i+ pA !_!=0, O < x 1 < & , (1) H
9x 1~ 3x 1

2 at 2

w(0 ,t) = (O ,t) = 0 , (2)
ax1

El (9..,t) = - (J0 + mc2) 
a W  (2. ,t) — mc1-~ (2..,t) , (3)

ax1
2 ax 1at 2 at 2

El (L,t) = m .~.-!. (~,t) + mc (L,t) , (4)
ax 1

3 at 2 ax 1at 2 
S

where w(x1, t) denotes the transverse deflection of the column, El its

flexural rigidity , P is the magnitude of the applied force, p the density

S 2

- ~~~~~~~~~~~ 
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of the beam, A its cross-sectional area, 9. its length, 
~0 

the moment of

inertia of the tip mass, and c the distance from the end of the beam to the

centroid of the tip mass. If one sets c = 0 in equations (3) and (4), then

the given boundary value problem reduces to the problem that is the adjoint

of the one solved in reference [3], whereas, if both c and J0 are equated

S to zero , Pfluger ’s problem [2] is obtained.

It is expedient to express equations (1) to (4) in dimensionless form

by making the changes of independent variables x1 = 2x , 0 < x < 1, t = g’r,

S and by introducing the following parameters:

S AR..” pR,2 0g2 =
~~~~~

—, Q = — , y=_ , ~~~~~~~~~~~ ~~~~~
= _ . (5)

El El pAR..3 pA9. 9.
S 

As a consequence of these changes , equations (1) to (4) can now be expressed

as follows:

S w”+Qw ” + w = O , 0 < x < l , 0 < T , (6)

• w(O,’r) = w ’(O,t) = 0, (7)

w”(l,t) + (y + ~~2 )~ I ( 1 T) + llct (l,T) = 0, (8)

w”(l,r) — ~w( l ,T) — pcCw’(l ,T) = 0, (9)

where primes and dots denote derivatives with respect to x and T , respectively.

3. THE EXACT SOLUTION

The solution of the partial differential equation (6) is next assumed in

the form

w (x ,’r) = y(x) e T, (10)

where i = (_l) 1~
’2 and a denotes the dimensionless natural frequency of S

S 

vibration of the beam. Substitution of equation (10) into equations (6) to 
S

(9) yields the following non-seif-adjoint eigenvalue problem:

4
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+ Qy”(x) — w2y(x) = 0, 0 < x < 1, (11)

and

y(O) = y’(O) = 0 (12)

y”(l) - (iJ 2
( y  + jict2)y ’(l) - ~iczw

2y( 1) = 0, (13)

y” (1) + wc~
2y( 1) + pci~

2y’ (1) = 0 . (14)

It can be verified that the solution of equation (11) has the form

y(x) = A1 cosA 1x + A2 sinA 1x + A3 coshX 2x + A4 sinh X 2x , (15)

where

H = (l//~~[(Q2 + 4w2)l~
’2 - (~1)mQ] li’2 , n = 1,2 . (16)

Substitution of equation (15) into the boundary conditions in equations (12)

to (14) yields the following system of homogeneous algebraic equations:

4

k~ 1 ~j k k  = ~~ j = 1,2 ,3 ,4 (17)

= where

a11 = 1, a 12 = 0, a13 = 1, a14 = 0,

a21 = 0, a22 = A1, a23 = 0 , a24 = X2~

a31 = -(A 1
2 + ü 2

~a)cosA 1 + A 1w
2(y + ~icz

2)sinA 1,

a32 = -(A1
2 

+ w2~c&)sinA 1 - A
1w

2 (y + ~ict
2)cosA 1,

S a33 = (A2
2 - w2~.ict)coshX2 - X2~

2(y + ~ct
2)sinhA2,

a34 = (A 2
2 - w2~ic*)sinhA2 - A 2w

2(y + ijcz2)coshA2,

a41 = A 1 (A1
2 

- t, 2
~j a)sinA1 + w2p cosA 1,

5
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a42 = -A 1(A 1
2 

- w 2
~cx) cosA 1 + w2u sinX1,

S a43 = X 2 ( A 2
2 + w2~ct)sinhA 2 + w2~i coshA 2,

a44 = A 2 (A 2
2 + w2pct)coshA2 + w2~i sinhX2 .

The system of equations (17) will have a non-trivial solution if and

only if the determinant of the coefficient matrix van4 shes , i .e. ,

det (a
~k
) = 0 . S

Expans ion of this determinant yields the frequency equation

Q2 + 2w2 + 2~yw” - cu [Q(w 21.r)’ - 1) + pct(Q2 + 4cu2)]sinX1 sinhA 2 -

- wA 2 (A 1
2 

+ A 2
2)[~ + A 1

2 (y + ~cx 2)]sinA 1 coshA 2 +

+ cuA1(X 1
2 

+ A 2
2 )[p - A 2

2 (-y + ~icx 2 )]cosA 1 sinhA 2 +

+ 2cu2 (l - i.ryw2)cosX1 coshA 2 = 0. (18)

4. NUMERICAL RESULTS

The objective of the numerical computations is to determine the depen-

dence of the critical load parameter Qcr on the parameters cx, ~i , and y , which

are inter-dependent. Hence, it is necessary to examine these quantities

somewhat more closely. The moment of inertia parameter J0 is defined by

= 

T 
(x 1

2 + z2
2)dm, dm = p0dT, (19)

where T denotes the volume of the tip mass and p0 its density. The z1z2z3 
-

coordina te axes have their origin at the centroid of the tip mass as shown

S in Figure 2. Since d’r = dz1dz 2dz3, one has , under the assumption that the S

tip mass is a prismatic sol id whose genera tors are parallel to the z1-axis, 
S

6
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y
~~

= .
~~
. p0cf (c

2 + 3z2
2)dz 2dz 3, (20)

where A0 denotes the cross-sectional area of the tip mass. To proceed

further , one must assume something about the geometry of the beam and of the

S tip mass. For the sake of being specific , suppose that the tip mass and

beam have circular-cross sections of radius a and b , respectively, where it

will be hypothesized that a > b. Thus, it follows from equation (20) that

= !. p~ca (3a
2 + 4c 2) . (21)

S In addition , for the beam of circular cross-section , it may be verified that

A = ¶rb 2, I = i-b” . (22)

Therefore , in view of equations (21), (22), and m = 2p0iica2 , one f inds

from equation (5)
2p0a

2c p0ca 2 (3a2 + 4c2)
1= (23)

p9.b2 6pb29..3

S 
Clearly , for a bean of given dimensions and density , the values of u and 

~
‘

can be changed by varying a, c, and p0 either together or independently.

However, because the essentially new parameter here is c , let it be supposed S

that p0 and a are held fixed throughout a given sequence of computations

while c is varied. Thus , the objective of the present numerical computations

is to determine as a function of the ratio ~ = 2c/R., which is the ratio

of the length of the tip mass to the length of the beam . Hence , one has , S

in place of equation (23),

c x =~~~~~, ~~~~~~~~~~~ ~~~ JL (~2 + 3 5 2 ) ,  (24)

where S = a/ R..

8
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Suppose further that, again for the purpose of being specific , b/L = 1/20

and a/L = 1/ 10, so that a/b = 2. Then equation (24) becomes

cx = ~/2, p = 4~~ , y = ~~p~ (~ 2 + 3/100), (25)

S where p = p0/p. Upon using equation (25), equation (18) is now solved

. 5 numerically for the critical load 
~cr 

as a function of the tip mass length

parameter ~ for p = 1/10, 1/2, 1, and 2. The numerical procedure consists

of selecting a value of Q and computing the corresponding values of the

frequencies w for the first two modes of vibration. The value of Q is

successively increased from zero until the first and second frequencies

coalesce at the critical value, 
~cr

• As long as Q < Q~~, these frequencies

are real numbers, but for Q > 
~cr they are complex conjugate numbers . In

the present case, loss of stabili ty through divergence is not possible. The

onset of flutter is signaled at 
~ 

= 
~cr~ 

The results of these numerical

S 
computations are shown in Figure 3, where the variation of Qcr/11

2 has been

plotted versus ~ over the range 0 < < 1 for the four stated values of p.
S 

This figure reveals that, for the values of p considered, the value of

~cr decreases monotonically with increasing ~ on the interval 0 < ~ < 1.

Moreover, the value of 
~cr initially decreases rapidly from Beck ’s value

S 

of 
~cr = 2.031ir2 as ~ increases from zero . Indeed, at least for sufficiently

small values of ~~, the rate of decrease of increases as the density

S ratio p increases, i.e., the initial slope of the tangent to the curve in

the Qcr -plane becomes increasingly negative as the value of ~ is increased.

As the value of ~ is further increased , the slope of the tangent to a given

Qcr~~curve eventually tends to increase over the range of ~~ cons idered. 
S

Therefore, for a given, sufficiently small value of ~~, the critical load

9
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decreases as p is increased , but for a given sufficiently large value of p

the critical load increases as p is augmented .

- I
. 1
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